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Abstract 
 
The generic simplicity of the spectrum of a Schrödinger-type operator on the n-dimensional torus is 
studied using the Rayleigh-Schrödinger perturbation theory. The existence of a perturbation potential of 
the Laplacian is proved and suitable conditions on the potential that guarantee the generic simplicity of 
the spectrum constructed. It is also proved that with the potential, the degeneracy of the spectrum of the 
Laplacian on the n-dimensional torus splits at first order of the perturbation.  
 
 
Keywords: Laplacian; Schrödinger operator; spectrum; simplicity; n-torus; Rayleigh-Schrödinger 
perturbation. 
 
2010 MSC: 32C81, 35P20, 35R01. 
 
1 Introduction 
 
Pierre-Simon Laplace, according to literature, e.g. [1], discovered that a gravitational field can be 
represented as the gradient 
x
u
u
∂
∂∇ =  of a potential function .u  He further showed that in a free space, 
Original Research Article 
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0.== uu ∆∇⋅∇  This equation later became known as Laplace equation and ∆  known as the Laplace 
operator or simply the “Laplacian", [2]. 
 
Closely related to the Laplacian is the Schrödinger operator. Consider for a general quantum system, the 
usual Schrödinger equation given by  
 
ψψ H
t
i ˆ=
∂
∂
h
 
 
where ψ  is the wave function, 
t
i
∂
∂
h  the energy operator and Hˆ  the usual Hamiltonain operator; see e.g. 
[3,4,5,6] among other literature. With a single particle perturbation, the equation turns out to be  
 
),()(),(
2
=),(
2
trrVtr
m
tr
t
i ψψψ +∆−
∂
∂ h
h
 
 
where ∆−
m2
h
 is the kinetic energy operator, 
m2
h
 the Planck constant, m  the mass of the energy function 
and )(rV  the time-dependent potential energy at the position r  with ),( trψ  the probability amplitude for 
the particle to be found at position r  at time t ; [7]. The operator Hˆ  is given by  
 
V
m
H +∆−
2
=
ˆ
2h
 
 
which is of the form usually called Schrödinger operator in literature, c.f [2,8] and [7]. 
 
In this paper, we simplify the coefficients of the Schrödinger operator Hˆ  by reducing its coefficients to 
unity, in some sense. Thus we have the resulting linear operator which we denote by H  and written as   
 
VH +∆=                                                                                                                                       (1) 
  
where, again, ∆  is the Laplacian and V  is a perturbation potential. We call H  a Schrödinger-type 
operator. 
 
The main goal of studying perturbation theory of the Schrödinger-type operator in this paper is to attempt to 
specify the nature of the potential V  of (1) that preserves self-adjointness and splits the spectrum of H  on 
n -dimensional unit torus. 
 
Let ),( gM  be a closed connected smooth Riemannian manifold. The Laplacian on )(MC∞  is the 
operator  
 
)()(: MCMCg ∞∞ →∆                                                                                                    (2) 
 
 defined in local coordinates by  
 
).||(||
1
=)grad(div =
,
j
ij
i
ji
g
x
gg
xg ∂
∂
∂
∂
−−∆ ∑                                                        (3) 
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The operator g∆  extends to a self-adjoint operator on )()()( 222 MLMHML →⊃  with compact 
resolvent, [9,10] and [11]. This implies that there exists orthonormal basis )(}{ 2 MLk ⊂ψ  consisting of 
eigenfunctions such that  
 
kkkg ψλψ =∆                                                                                                                                  (4) 
 
 where the eigenvalues ∞ 1=}{ kkλ  are listed with multiplicities; [12,9,11] and [10]. 
 
The question of generic simplicity of these eigenvalues on different Riemannian manifolds has been tackled 
extensively in Riemannian geometry and related fields using various perturbation techniques. For example, 
since the pioneering works of Rayleigh and Lindsay [13] and Hadamard [14], various kinds of perturbations 
have been carried-out in order to split the spectrum; see e.g. [15,16,17,18,5,19,6,20,21]; more recently 
[22,23] and still ongoing [24]. In this paper, we prove the existence of a perturbation potential V  of the 
Laplacian that guarantees the simplicity of the spectrum, at first order, on the n -dimensional unit torus. We 
proceed by fixing notations and basic concepts. 
 
2 The n -dimensional Torus 
 
 One may think of a point on the unit circle, 1S , in the Cartesian plane, as the pair ),( yx  with 
1=22 yx + . Similarly, a point in the 2 -dimensional unit torus, ,11 SS ×  is naturally described by co-
ordinate pairs ),(),,( 2211 yxyx  such that 1=2121 yx +  and 1;=2222 yx + [12]. By extension, an n-
dimensional flat torus (or simply n-torus) is the product of n-circles; [1]:  
 
.=
timesn
111
4444 34444 21 L
−
××× SSSnT
 
 
In general, the n -torus is an Abelian Lie group, [12]. A point on nT  is represented by n -tuple 
),,,( 21 nφφφ L  where each kφ  is understood as an “angle" defined modulo ;2pi  [12]. The binary operation 
on this group is simply addition modulo pi2 , that is  
 
.2mod))(,),(),((=),,,(),,,( 22112121 piψφψφψφψψψφφφ nnnn ++++ LLL
 
 
The n -dimensional torus nT  is fully represented as a matrix Lie group by simply assigning to each n -
tuple ),,,( 21 nφφφ L  the following diagonal matrix [7,3,12]:  
 
.
e......0
00e0
000e
=
2
1














n
i
i
i
A
φ
φ
φ
φ
MMMM
                                                                                                     (5) 
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3 Some Calculus on the n -dimensional Torus 
 
From the foregoing, it is clear that nT  is a product Riemannian manifold. So, let ),( XgX  and ),( YgY  be 
smooth Riemannian manifolds, it is known that the product manifold ),( gM  with YXM ×=  has 
Riemannian metric ;= YX ggg +  [12,1,9,10]. In matrix form  
 
.)(0
0)(
= 





Y
X
g
g
g                                                                                                                      (6) 
 
Consequently, the Lapacian on the n -torus with the standard Cartesian metric is  
 
.=
21 nxxx ∂
∂
++
∂
∂
+
∂
∂∆ L                                                                                                           (7) 
 
 It is known, (see e.g. [12,1,9,10,25]), that the spectrum of the Laplacian on )( nC T∞  is given by  
 
n
n kkkk Z∈+++∆  ;=)( 22221 Lσ                                                                                              (8) 
 
with multiplicity 42< +jm j  for the thj  eigenvalue. 
 
Integration can also be performed over .nT  It is to be understood as [12,1]:  
 
.),,,(=)( 2121111 nnSSSn dxdxdxxxxfdxxf LLL∫∫∫∫T                                                        (9) 
  
That is,  
 
nnn
dxdxdxxxxfdxxf LLL 2121
2
0
2
0
2
0
),,,(=)( ∫∫∫∫
pipipi
T
                                                     (10) 
 
The space ),( npL T  [9,1], consists of all Lebesgue measurable functions such that  
 
.<|)(|:=
)(
∞∫ dxxff pnp npL TT||||                                                                                          (11) 
 
 When 2,=p  we say that the function f  is absolutely square integrable. For ,, ngf T∈  we define  
 
.)()(=, dxxgxfgf
n∫〉〈 T                                                                                                            (12) 
  
Given n-tuples of integers ,),,,(= 21 nnkkkk Z∈L  and ;nx T∈  we form the scalar  
 
.==.
1=
2211 jj
n
j
nn xkxkxkxkxk ∑+++ L
 
                                                                               (13) 
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For any pi2 -periodic smooth function ),( nCf T∞∈  [1], define (for 0≥s  an integer), the space:  
 
}.<|)(ˆ|)||(1:)({=)( 222 ∞+∈ ∑
∈
kfkLf s
nk
nns
Z
TTH                                                      (14) 
 
)( ns TH
 is the Sobolev space on .nT  Note, fˆ  is the Fourier transform of ;nf T∈  see e.g. [1]. 
 
Theorem 3.1 [1,9]. The complex-valued function CT →nke :  given by  
jxjik
n
j
n
k exe
.
1=
2)(2=)( ∏−pi
 
 
constitute an orthonormal basis in ),(2 CTnL  and hence an orthogonal basis in the Sobolev space 
).( 1SpH
  
 
We immediately have the following preparatory and standard result given as lemma (3.2) below.  
 
Lemma 3.2.  The Laplacian ∆  is self-adjoint on ).(2 nTH   
 
Proof. The Laplacian is naturally defined in )(2 nTH  in Fourier space as a multiplication operator [8]. Thus, 
for ),(2 nLf T∈  we have  
 
)(ˆ=)( 2
^
kfkkf ||||∆  
 
where of course .)(22 nLk T|||| ∈  For any )(, 2 ngf TH∈  we have  
 
.,=)(ˆ)(ˆ=)(ˆ)(=, 22 〉∆〈〉∆〈 ∫∫ gfdkkgkkfdkkgkfkgf ||||||||  
 
Immediately, the next result follows.  
 
Theorem 3.3  The Schrödinger operator ,= VH +∆  ),( RTnCV ∞∈  is self-adjoint on )(2 nTH  where  
 
)};()(ˆ)||(1:)({=)( 2222 nnn lkfkLf ZTTH ∈+∈  
 
with  
 
.)(
)(2
1
=)(ˆ .
2
dxexfkf xik
nn
−∫T
pi
 
 
Proof. On Fourier space, VH +∆=  is a multiplication operator in )(2 nTH  and thus self-adjoint there; 
c.f: [8].  
 
Note, the spectrum );[0,=)(=)( ∞∆ Hessσσ [8]. 
 
Next, we review the Rayleigh-Schrödinger Perturbation Theory which is a major tool used in this paper. 
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4 The Rayleigh-Schrödinger Perturbation Theory 
 
Consider a perturbed operator T  in the parameter ε  given by   
 
VTT ε+0=                                                                                                                                   (15) 
 
where 1,<0 pε  0T  is a self-adjoint unperturbed operator and V  is a perturbation operator. 
 
Suppose 0T  of (15) is an operator on a finite dimensional Hilbert space and has eigenvalue 0λ . 0λ  is called 
degenerate when the secular equation for ,0T  that is, 0=)(det 0 λ−T  has multiple roots at 0λ . 
 
Following [4], finding eigenvalues of (15) is equivalent to solving the secular equation  
 
0=)]()(1)[(=))(( 11 ελελλε nnn aaTdet +++−− − L  
 
of degree n ; and that if  
 
),()(:=),( 11 ελελλε nnn aaF +++ − L
 
 
we have conditions for 0= λλ  to be simple or degenerate. It specifies the Puiseux series in p
1
0 )( εε −  
where p  is some positive integer as   
 
ip
j
i
j
j
i )(= 0
1=
0
)( εεαλλ ε −+∑
∞
                                                                                                 (16) 
 
for some m  roots of λ  near ,0λ  [4]. 
 
The Rayleigh-Schrödinger series for the eigenvalue )(ελ  of the general case of linear operator (15) is 
given by  
 
n
n
n
n
n
n
b
a
ε
ε
ελελ
∑
∑
∞
∞
+
0=
0=
0=)(                                                                                                                    (17) 
 
with  
 
λλ
pi αλλ
d)])([,(
2
1)(
= 0
11
00|=0|
1
Ω−Ω− −−
−
+
∫ n
n
n TVi
a
 
 
and  
 
;d])()[)(,(
2
1)(
= 0
1
0
1
00|=0|
1
λλλ
pi αλλ
Ω−−Ω− −−
−
+
∫ n
n
n TVTi
b
 
 
see e.g. [26,5] and [4]. 
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The Rayleigh-Schrödinger perturbation procedure produces approximation to the eigenvalues and 
eigenvectors of the operator T  by sequence of successively higher order corrections to the eigenvalues and 
eigenvectors of the unperturbed operator 0T  knowing only those of ;0T  for details, one may wish to see 
[27] and [28]. 
 
Consider now the eigenvalue problem   
 
ii xTx λ=                                                                                                                                       (18) 
 
with 0.≠λ  Suppose the unperturbed eigenvalues 0iλ , ),1,2,=( ni L  are all distinct. Under this 
assumption, we have   
 
)(
0=
=)( kik
k
i λεελ ∑
∞
                                                                                                                        (19) 
 
and   
nixx ki
k
k
i ,1,2,=,=)( )(
0=
Lεε ∑
∞
                                                                                                (20) 
 
for sufficiently small ε  . The zero-order terms ),( (0)(0) ii xλ  are the eigenpair of the unperturbed operator 
;0T  that is   
 
0=)( (0)(0)0 ii xIT λ−                                                                                                                      (21) 
 
while it is assumed that (0)ix  which are mutually orthogonal have been normalized to unity so that  
 
.,=
(0)
0
(0)(0) 〉〈 iii xTxλ  
 
Substituting (19) and (20) into (18) yields   
 
),,1,2,=,(,)(=)( )()(
2
0=
1)((1))((0)
0 ∞+−−−
−
−
− ∑ LkjxxIVxIT jijki
k
j
k
ii
k
ii λλλ                         (22) 
 
).,1,2,=( ni L  For fixed i  solvability of (22) requires that its right-hand-side be orthogonal to (0)ix  for all 
k ; [27]. Thus, the value of (1)ix  is determined by 
1)( +j
iλ  . Specifically,   
 
〉〈+ )((0)1)( ,= jii
j
i Vxxλ                                                                                                                    (23) 
 
where we have used the orthogonalization of .(0)ix  The expession (23) is the required eigenvalue 
corrections. 
 
Further eigenvector corrections jix  are determined through .
1)(2 +j
iλ  For odd ,0,1,=1,2= Ljjj +  we 
have 
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.,,=
)()()1(2
1=0=
)()(1)(2 〉〈−〉〈 −−++ ∑∑ µννµ
νµ
λλ iiji
jj
j
i
j
i
j
i xxVxx                                                      (24) 
 
while for even ,1,2,=,2= Ljjk  we have   
 
.,,=
)()()(2
1=0=
)(1)()(2 〉〈−〉〈 −−− ∑∑ µννµ
νµ
λλ iiji
jj
j
i
j
i
j
i xxVxx                                                      (25) 
 
The pair (24 , 25) is known as Dalgarno-Stewart Identity; [27]. 
 
Degenerate case arises when 0T  possesses multiple eigenvalues. In this situation, the straight-forward 
analysis presented above encounters series of complications. This is a consequence of the fact that the 
Rellich’s series, (20), guarantees the existence of perturbation eigenvector expansion, (23), for certain 
special unperturbed eigenvectors only ; c.f: [4]. These special unperturbed eigenvectors cannot be specified a 
priori but must instead emerge from the perturbation procedure itself; [4]. 
 
Suppose  
 
0(0)(0)
2
(0)
1 ==== λλλλ nL  
 
of multiplicity m  corresponding to known orthonormal eigenvectors ,,,, (0)(0)2
(0)
1 mxxx L  and we are 
required to determine the appropriate linear combinations   
 
),1,=(;= (0))((0)2)(2(0)1)(1(0) mixaxaxay mimiii LL+++                                                      (26) 
 
so that the expansions of (19) and (20) are valid with )(kix  replaced with .)(kiy  Since we desire mikiy 1=)( }{  be 
orthonormal, then   
 
νµ
νµνµνµ δ
,2211 =mmaaaaaa +++ L                                                                                              (27) 
 
where δ  is the Kronecker delta. We can go ahead to find where this degeneracy is resolved. 
 
Assume degeneracy is fully resolved at first order. That is here ),1,2,=(,(1) mii Lλ , are all distinct. Then 
we determine miii y 1=
(0)(1) },{λ  so that (22) be solvable for 1=k  and mi ,1,2,= L . In order for this to 
happen, it is both necessary and sufficient that for each fixed ,i    
 
.,1,2,=0;=)(, (0)(1)(0) myIVx ii Lµλµ 〉−〈                                                                             (28) 
 
Substituting (26) into (28) and using orthonormality of mx 1=(0)}{ µµ , we arrive at the following system of 
equations in matrix form [27]:  
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









































〉〈〉〈
〉〈〉〈
〉〈〉
)(
)(
2
)(
1
)(
)(
)(
2
)(
1
(0)(0)(0)
1
(0)
(0)(0)
2
(0)
1
(0)
2
(0)(0)
1
(0)
1
(0)
1
.=
,...,
,...,
,...,
i
m
i
i
i
i
i
m
i
i
mmm
m
m
a
a
a
a
a
a
VxxVxx
VxxVxx
VxxVxx
MMMOM
λ                                                      (29) 
 
Thus, each (1)iλ  is an eigenvalue with corresponding eigenvector Timii aaa ),,( )()(2)(1 L  of the matrix 
equation defined by 〉〈 (0)(1)(0)
,
,= νµνµ xAxA  and ).,1,2,=,( mLνµ  By assumption, the symmetric 
matrix  
 














〉〈〉〈
〉〈〉〈
〉〈〉
(0)(0)(0)
1
(0)
(0)(0)
2
(0)
1
(0)
2
(0)(0)
1
(0)
1
(0)
1
,...,
,...,
,...,
=
mmm
m
m
VxxVxx
VxxVxx
VxxVxx
MOM
A
 
 
has m  distinct eigenvalues and hence m  orthonormal eigenvectors described by (27). 
 
Now that }{ (0)iy  are fully determined, we have by equation (23) the following identities   
 
m),1,2,=(i;Vy,y= (0)i(0)i(1)i L〉〈λ                                                                                            (30) 
 
Furthermore, combining (27) and (29) gives   
 
.0;=, (0)(0) jiVyy ji ≠〉〈                                                                                                                 (31) 
 
The remaining eigenvalue corrections 2;)( ≥kkiλ  may be obtained similarly using the Dalgarno-Stewart 
Identity (24, 25). 
 
Whenever (22) is solvable, we express its solution as 
   
;ˆ= (0))(
,
(0)
2
)(
2,
(0)
1
)(
1,
)()(
m
i
km
i
k
i
k
k
i
k
i yyyyy βββ ++++ L
                                                                    
(32) 
 
);,1,=( mi L  [27] and [28]. By the normalization, ),1,2,=(0;=)(
,
miiki Lβ  and )(,ikjβ  are to be 
determined. The )(
,
i
kjβ  are given by   
 
;
,
= (1)(1)
)(
,
1)(
1
1=
(0)(0)
)(
,
ji
i
lj
lk
i
k
l
jj
i
kj
Vyy
λλ
βλ
β
−
−〉〈 +−
−
∑
                                                                                        (33) 
 
for ji ≠  and zero otherwise. Higher order corrections are obtained similarly; see e.g. [27]. 
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5 Simplicity of Spectrum of the Laplacian on the n -torus 
 
High symmetry of nT  leads to different degrees of multiplicities of the Laplacian on smooth functions on 
;nT
 [28]. Here, “Multiplicity" means the number of ways a given number can be represented as sum of 
squares of n  integers. The multiplicity of an eigenvalue λ  of the Laplacian on nT  can easily be obtained 
with Mathematica using the command .],SquaresR[n λ  The list of the possibilities is displayed with the 
command .n]n,,s[esentationPowersRepr λ  For example,  
 
and  24=,325]SquaresR[2  
 
,{10,15}{6,17},{1,18},=s[325,2,2]esentationPowersRepr  
 
and  ,8=,13]SquaresR[2  
 
.{6,7}{5,8},{4,9},{3,10},{2,11},{1,12},{0,13},=]s[13,2,esentationPowersRepr  
 
We observe from equation ( 8) that on ,2T   
 
2
2
2
1=)( kk +∆σ                                                                                                                             (34) 
 
with the corresponding normalized eigenfunction xike .
2
1
pi
 where 221 ),(= Z∈kkk  and .2R∈x  The 
spectrum is therefore the set of the eigenvalues listed with their multiplicities m  thus:  
 
4),=(8,8),=(5,4),=(4,4),=(2,4),=(1,1),={(0, mmmmmm  
 
}.16),=(125,,12),=(25,,8),=(13,,4),=(9, LLLL mmmm
 
 
Similarly for the 3-torus, we have  
 
2
3
2
2
2
1=)( kkk ++∆σ                                                                                                                   (35) 
 
with normalized eigenfunction .
)(2
1
.
2
3
xike
pi
 The spectrum is the set  
 
24),=(5,6),=(4,8),=(3,12),=(2,6),=(1,1),={(0, mmmmmm  
 
}.144),=(1000,,30),=(100,,30),=(9,, LLLL mmm  
 
Moreover, on ,4T  we have  
 
2
4
2
3
2
2
2
1=)( kkkk +++∆σ                                                                                                           (36) 
  
and  
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24),=(4,32),=(3,24),=(2,8),=(1,1),={(0,=)( mmmmm∆σ  
 
}.3744),=(2000,,744),=(200,,96),=(6,48),=(5, LLL mmmm  
 
Therefore, for the n-torus, we have  
 
22
4
2
3
2
2
2
1=)( nkkkkk +++++∆ Lσ                                                                                         (37) 
 
c.f: [1,9,10] and [12]. 
 
Now in what follows, we attempt to split the spectrum with appropriate potential. That is, with the potential 
,V  we use the known eigenfunctions )(2)( nkix TH∈  based on the Dalgarno-Stewart identity to construct 
new eigenfunctions (0))((0) = m
i
mi xay , mi ,1,2,= L  to replace 
)(k
ix  such that 
1)(
=)( +jH λσ
 split. We 
must choose (0)mx  such that .= ,νµ
νµ δmmaa  
 
The main result of this paper is the following theorem.  
 
Theorem 5.1. There exists a pi2 -periodic perturbation potential ),( RTnCV ∞∈   such that the spectrum, 
)( V+∆σ , on the n-torus splits at first order.  
 
Proof. Let V  be a self-adjoint perturbation operator satisfying the assumptions (1) and (2) of theorem (5.1), 
then it follows that .)( R⊂+∆ Vσ  Let λ  be a non-zero eigenvalue of ∆  on nT  with multiplicity .m  By 
the Stewart-Dalgarno identity (24 , 25), choose orthonormal basis (0)mx  such that  
 
.=,=,
,
(0)(0)(0)(0)
nmnmnm xVxVxx δ〉〈〉〈
 
 
Then the first order correction matrix becomes  
 










































〉〈〉〈
〉〈〉〈
〉〈〉〈
)(
)(
2
)(
1
)(
)(
)(
2
)(
1
(0)(0)(0)
1
(0)
(0)(0)
2
(0)
1
(0)
2
(0)(0)
1
(0)
1
(0)
1
=
,,
,,
,,
i
m
i
i
i
i
i
m
i
i
mmm
m
m
a
a
a
a
a
a
VxxVxx
VxxVxx
VxxVxx
MM
L
MOM
L
L
λ
 
 
by the Rayleigh-Schrödinger perturbation theory.  
 
Now, suppose degeneracy is fully resolved at first order. That is here ),1,2,=(;(1) mii Lλ  are all distinct. 
Then we determine miii y 1=
(0)(1) },{λ  so that (22) be solvable for 1=k  and mi ,1,2,= L . In order for this 
to happen, it is both necessary and sufficient that for each fixed ,i    
 
.,1,2,=0;=)(, (0)(1)(0) myIVx ii Lµλµ 〉−〈                                                                              (38) 
 
Substituting (26) into (38) and using orthonormality of mx 1=(0)}{ µµ , we arrive at the following system of 
equations in matrix form  
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









































〉〈〉〈
〉〈〉〈
〉〈〉〈
)(
)(
2
)(
1
)(
)(
2
)(
1
(0)(0)(0)
1
(0)
(0)(0)
2
(0)
1
(0)
2
(0)(0)
1
(0)
1
(0)
1
=
,,
,,
,,
i
m
i
i
i
m
i
i
mmm
m
m
a
a
a
A
a
a
a
VxxVxx
VxxVxx
VxxVxx
MM
L
MOM
L
L
φ
 
 
since nT  is fully determined by a matrix Lie group φA  generated by n -tuple of distinct points 
.),,,( 21 nn T∈ψψψ L  
 
Hence,  
 
























































)(
)(
2
)(
1
)(
)(
)(
2
)(
1
2
1
)(
)(
2
)(
1
=
e0
0e0
00e
=
i
m
i
i
i
i
i
m
i
i
n
i
i
i
i
m
i
i
a
a
a
a
a
a
a
a
a
A
MM
LL
MMMM
L
L
M
λ
φ
φ
φ
φ
 
 
Thus, each (1)iλ  is an eigenvalue with corresponding eigenvector Timii aaa ),,( )()(2)(1 L  of the matrix 
equation M  defined by 〉〈 (0)(1)(0)
,
,= νµνµ xAxA  , ),1,2,=,( mLνµ  and .:=1 VA  
 
Since the choice of the distinct points are arbitrary and nφφφ ≠≠≠ L21 , the symmetric matrix  
 














n
i
i
i
φ
φ
φ
φ
e0
0e0
00e
=
2
1
LL
MMMM
L
L
A
 
 
has m  distinct eigenvalues and hence m  orthonormal eigenvectors described by (27)  
 
6 Illustration 
 
We illustrate the main result with the following example. Consider the potential  
 
1=)( .2 −−
∈
∑ xitt
nt
eexV α
Z
                                                                                                                (39) 
 
where now, we understand  
 
..cos2=)( 2
21
xtexV t
n
ttt
α||||
ZZZ
−
∈∈∈
∑∑∑ L                                                                                          (40) 
 
Whereas α  is a sequence of positive numbers, .= 22 lkt +  We choose α  such that the symmetry in the 
eigenvalue is resolved. 
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6.1 The unit circle 
 
Let 1=α  then  
 
1.=)( .2 −−
∈
∑ xitt
t
eexV
Z
                                                                                                               (41) 
 
Obviously, V  is real-valued and pi2 -periodic on .1S  On expansion for Z∈t , we have  
 
.cos2=)( 2
1=
txexV t
t
−
∞
∑  
 
Now following the Rayleigh-Schrödinger perturbation theory, we choose orthonormal basis ke and le  such 
that  
 
.)(
2
1
==,
2
0
2
0
dxexVdxVeVee lklklk −− ∫∫〉〈
pipi
pi
                                                                    (42) 
 
Let us consider the eigenvalue 1=λ  of the Laplacian ∆  on 1S  which has multiplicity 2.=m  We 
observe that the normalised eigenfunctions for the eigenvalues are ixee
pi2
1
=1  and .2
1
=2
ix
ee
−
pi
  
 
From (42) we have  
 
0=)(,:= 1111 〉〈 exVea  
 
and 
  
dxexVeexVea 21
2
02112
)(=)(,:= ∫〉〈
pi
 
 
txdxee t
t
ix cos
2
2
=
2
0=
22
0
−
∞
− ∑∫
pi
pi
 
 
.2=)(2cos00= 42
2
0
4
−
−
∫+++ edxx
e pi
pi
L
 
 
This leads us to form the required matrix, (on scaling 42 −e  by 
2
1
 ),  
 
.
0
0
= 4
4






−
−
e
eA  
 
Clearly, A  has distinct eigenvalues 0.01831561 −≈µ  and 0.0183156.2 ≈µ  
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Again, consider the eigenvalue 9=λ  with 2.=m  Following the same procedure as the case of 1=λ  
above, using its normalised eigenfunctions ixee 31 2
1
=
pi
 and ,
2
1
=
3
2
ixee −
pi
 we arrive at the required 
matrix  
 






−
−
0
0
= 6
6
e
eB
 
 
which splits into distinct eigenvalues 0.002478751 −≈µ  and .0.002478752 ≈µ  
 
6.2 The 2-torus 
 
Consider the eigenvalue 1=λ  of ∆  on the 2-torus 112 = SS ×T  which has multiplicity 4.=m  The 
normalised eigenfunctions for this eigenvalue are ,
2
1
=
1
1
ix
ee
−
pi
 ,
2
1
=
2
2
ix
ee
−
pi
 
2
3 2
1
=
ix
ee
pi
 and 
.
2
1
=
1
4
ix
ee
pi
 The potential now becomes  
 
txexV t
t
cos2=)( 2
2
α||||
Z
−
∈
∑                                                                                                            (43) 
 
where here,  
 
.)(:=)(, 21)2211()2211(
2
0
2
0
dxdxexVeexVe xlxlixkxkilk
+−+−
∫∫〉〈
pipi
                                                  (44) 
 
Let 1=1α  and 2.=2α  From equation (44) we obtain the matrix  
 
.
1
1
1
1
=
334
383
383
433














−−−
−−−
−−−
−−−
eee
eee
eee
eee
C
 
 
The matrix C  has all distinct eigenvalues 1.1093,1 ≈µ  0.999665,2 ≈µ  0.981684,3 ≈µ  and 
0.909346.4 ≈µ  
 
Furthermore, consider the eigenvalue 5=λ  which has multiplicity 8.=m  The normalised eigenfunctions 
are ,
2
1
=
212
1
ixix
ee
−−
pi
 ,
2
1
=
212
2
ixix
ee
+−
pi
 ,
2
1
=
221
3
ixix
ee
−−
pi
 ,
2
1
=
221
4
ixix
ee
+−
pi
 ,
2
1
=
221
5
ixix
ee
−
pi
 
,
2
1
=
221
6
ixix
ee
+
pi
 
212
7 2
1
=
ixix
ee
−
pi
 and .
2
1
=
212
8
ixix
ee
+
pi
 From equation (44), we obtain the required 
matrix as  
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.
1
1
1
1
1
1
1
1
=
831911271624
819327112416
319324361127
193323642711
112743632319
271136432193
162411273198
241627111938


























−−−−−−−
−−−−−−−
−−−−−−−
−−−−−−−
−−−−−−−
−−−−−−−
−−−−−−−
−−−−−−−
eeeeeee
eeeeeee
eeeeeee
eeeeeee
eeeeeee
eeeeeee
eeeeeee
eeeeeee
D
 
 
D  has split eigenvalues 1.05993,1 ≈µ  1.05966,2 ≈µ  1.04165,3 ≈µ  1.04125,4 ≈µ  0.958717,5 ≈µ  
0.958321,6 ≈µ  0.9403737 ≈µ  and 0.940099.8 ≈µ  
 
Furthermore, we consider the eigenvalue 125=λ  which has multiplicity 16.=m  The normalised 
eigenfunctions are ,
2
1
=
212
1
ixix
ee
−−
pi
 ,
2
1
=
212
2
ixix
ee
+−
pi
 ,
2
1
=
221
3
ixix
ee
−−
pi
 ,
2
1
=
221
4
ixix
ee
+−
pi
 
,
2
1
=
221
5
ixix
ee
−
pi
 ,
2
1
=
221
6
ixix
ee
+
pi
 ,
2
1
=
212
7
ixix
ee
−
pi
 
.
2
1
=
212
9
ixix
ee
+
pi
 ,
2
1
=
212
9
ixix
ee
−−
pi
 ,
2
1
=
212
10
ixix
ee
+−
pi
 
,
2
1
=
221
11
ixix
ee
−−
pi
 ,
2
1
=
221
12
ixix
ee
+−
pi
 ,
2
1
=
221
13
ixix
ee
−
pi
 ,
2
1
=
221
14
ixix
ee
+
pi
 
212
15 2
1
=
ixix
ee
−
pi
 and 
.
2
1
=
212
16
ixix
ee
+
pi
 
 
Let 0.01=1α  and 0.1.=2α  From equation 44, we obtain a 1616×  matrix as  
 
.
1
1
=
8
5
121
25
161
25
161
25
121
25
8
5














−−−
−−−
eee
eee
L
MMOMM
L
E  
 
E  has eigenvalues 3.01444,1 ≈µ  3.01441,2 ≈µ  1.540363 ≈µ  1.50697,4 ≈µ  1.32492,5 ≈µ  
1.29193,6 ≈µ  0.770357,7 ≈µ  0.755073,8 ≈µ  0.690046,9 ≈µ  0.651702,10 ≈µ  0.498875,11 ≈µ  
0.481356,12 ≈µ  0.204938,13 ≈µ  0.204496,14 ≈µ  0.025068815 ≈µ  and 0.0250487.16 ≈µ  
 
6.3 The 3-torus 
 
We demonstrate with the eigenvalue 1=λ  which on 1113 = SSS ××T  has multiplicity 6.=m  Its 
normalised eigenfunctions are 
,
)(2
1
=
1
2
31
ix
ee
−
pi
 
,
)(2
1
=
2
2
32
ix
ee
−
pi
 
,
)(2
1
=
3
2
33
ix
ee
−
pi
 ,
)(2
1
=
3
2
34
ix
ee
pi
 
2
2
35
)(2
1
=
ix
ee
pi
 and 
.
)(2
1
=
1
2
36
ix
ee
pi
 The potential here is therefore  
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.cos2=)( 2
3
txexV t
t
αPP
Z
−
∈
∑                                                                                                           (45) 
 
Define  
 
.)(:=)(, 321)332211()332211(
2
0
2
0
2
0
dxdxdxexVeexVe xlxlxlxkxkxkilk
++−++−
∫∫∫〉〈
pipipi
                         (46) 
 
and take 1=1α  and 2=2α  as before, which leads to the matrix  
 
.
1
1
11
11
1
1
=
31134
32283
1291
1221
38223
43113




















−−−−−
−−−−−
−−−
−−−−
−−−−−
−−−−−
eeeee
eeeee
eeee
eeee
eeeee
eeeee
F
 
 
The eigenvalues of F  are 2.44993,1 ≈µ  0.999665,2 ≈µ  0.981684,3 ≈µ  0.948775,4 ≈µ  
0.6199435 ≈µ  and 0.6 ≈µ  
 
6.4 The 4-torus 
 
Consider the eigenvalue 1=λ  of the ∆  which has multiplicity 8=m  on .= 11114 SSSS ×××T  It has 
the following normalised eigenfunctions ,)(2
1
=
1
21
ix
ee
−
pi
 
,)(2
1
=
2
22
ix
ee
−
pi
 
,)(2
1
=
3
23
ix
ee
−
pi
 
,)(2
1
=
4
24
ix
ee
−
pi
 
,)(2
1
=
4
25
ix
ee
pi
 
,)(2
1
=
3
26
ix
ee
pi
 
2
27 )(2
1
=
ix
ee
pi
 and .)(2
1
=
1
28
ix
ee
pi
 
 
The potential becomes  
 
txexV t
t
cos2=)( 2
4
α||||
Z
−
∈
∑                                                                                                            (47) 
 
where here, 4R∈x  and  
 
.)(:=)(,
4321
)44332211()44332211(2
0
2
0
2
0
2
0 dx
xlxlxlxlxkxkxkxki
lk dxdxdxexVeexVe
+++−+++−
∫∫∫∫〉〈
pipipipi
   
(48) 
 
The required matrix, when 1=1α  and 2=2α  is therefore 
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.
1
1
1111
1111
1111
1111
1
1
=
3111134
3222283
1221
1221
1221
1221
3822223
4311113


























−−−−−−−
−−−−−−−
−−−−
−−−−
−−−−
−−−−
−−−−−−−
−−−−−−−
eeeeeee
eeeeeee
eeee
eeee
eeee
eeee
eeeeeee
eeeeeee
G
 
 
The matrix G  has eigenvalues 4.37347,1 ≈µ  0.999665,2 ≈µ  0.981684,3 ≈µ  0.955542,4 ≈µ  
0.689642,5 ≈µ  ,102.54159 166 −×−≈µ  177 105.67363 −×−≈µ  and .104.2159 178 −×−≈µ  
Continuing this way, we see that the spectrum of the Laplace operator perturbed by this potential split at first 
order. 
 
7 Conclusion 
 
We proved the existence of a perturbation potential V  which guarantees the simplicity of the spectrum of 
the Schrödinger-type operator V+∆  on the n-torus. The Rayleigh-Schrödinger procedure of perturbation 
theory which basically produces approximation to the eigenvalues and eigenvectors of a perturbed operator 
by a sequence of successively higher order corrections to those of the unperturbed operator was employed to 
demonstrate that the spectrum of V+∆  splits generically at first order. With the properties prescribed on 
,V  self-adjointness of the Laplacian carries over to .V+∆  
 
The result is illustrated on different dimensional unit tori using the potential 1=)( .
2
−
−
∈∑
xitt
nt
eexV α
Z  
which satisfies all the properties we require of V  on .nT  We hope that the procedures of this paper can be 
followed to study generic spectrum simplicity of various perturbed Laplacians on other Riemannian 
manifolds. 
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